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a b s t r a c t

We describe MESH (Multilayer Electromagnetic Solver for Heat transfer), a free software that combines
rigorous coupled wave analysis (RCWA) and scattering matrix formalism to simulate the radiative heat
transfer both in the near-field and far-field regimes for layered three-dimensional structures made of
planar layers. Each layer can have in-plane one-dimensional or two-dimensional periodicity. In this paper,
we provide detailed discussions of the algorithms of MESH, which enables it to be a flexible tool for
different types of radiative heat transfer simulations. We also discuss aspects of the codes related to
parallelization and user scripting.
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1. Introduction

Thermal radiation is one of the most fundamental aspects of
nature [1]. The ability to control thermal radiation plays a sig-
nificant role in a number of technological areas including energy
conversion [2–7], cooling [8–12], as well as sensing and imag-
ing [13,14]. In seeking to control both far-field and near-field ther-
mal radiation, there are significant recent efforts exploring the use
of layered structures with in-plane periodic index contrast. These
structures have been extensively used to tailor either the angular
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and/or the spectral characteristics of far-field thermal radiation, as
well as to enhance the magnitude of heat transfer in the near-field
[15–20].

Fig. 1 shows some exemplary geometries that are common in
both theoretical and experimental studies. Fig. 1(a) shows a struc-
ture that consists of two multilayer stacks separated by a vacuum
gap. Each layer is associated with different temperatures. Fig. 1(b)
shows a 1D periodic grating structure that emits thermal radiation
to the free space above it. Fig. 1(c) shows the radiative heat transfer
between two structures each consisting of a two-dimensionally
periodic array of finite-height cylinders. MESH, which stands for
Multilayer Electromagnetic Solver for Heat transfer, is designed to
compute the far-field thermal radiation or near-field heat transfer
in these geometries.

There already exist a few tools that can solve radiative heat
transfer problem between different geometries. All these tools
build upon computational electromagnetic techniques that solve
Maxwell’s equations. For example, boundary element method
(BEM) has been used in SCUFF-EM [21–24] and BUFF-EM [25,26].
And finite-difference time-domain (FDTD) method [27] has been
used in the NF-RT-FDTD algorithm [28]. MESH builds upon the
Fourier Modal Method, which is sometimes referred to as the Rig-
orous Coupled Wave Analysis (RCWA). This method is particularly
suitable for the layered structures shown in Fig. 1, where within
each layer the structure is uniform along the vertical direction.
For this class of structures, the Fourier Modal Method treats the
field propagation along the vertical direction semi-analytically
without discretization, and can thus achieve significant reduction
in computational time and memory requirement as compared to
BEMor FDTD. In addition,MESHuses a scatteringmatrix (S-matrix)
formalism [29,30] which enables a stable propagation of the field
along vertical direction without numerical instability.

To simulate radiative heat transfer, one needs to combine
computational methods for solving Maxwell’s equations, with the
formalism of fluctuational electrodynamics. Thermal radiations
originate from random current sources. To compute the thermal
electromagnetic fields, one needs to integrate the contributions
from all these random sources. Most papers on the heat transfer
in layered geometries [10,19,31–37] used a scattering approach,
where the heat flux is computed by evaluating the trace of certain
field correlators. This approach has the advantage that it bypasses
the computationally intensive steps of volume integration over the
thermal current sources, but is hard to apply to the scenarios of
many-body heat transfer, which consist of multiple bodies with
different temperatures, such as the case in Fig. 1(a). In contrast, in
MESH we directly compute the Green function that can be used
to describe the fields from the random thermal sources [38,39],
and then analytically perform the spatial integration over the
emitting volume. In this paper, we present in detail about an
efficient way to perform such volume integration over the random
thermal sources, which is a key innovative aspect of MESH in
terms of algorithm that has not been previously discussed in the
literature.

The paper is organized as follows: Section 2 provides the back-
ground in the underlying notation of mathematics, and the /com-
phy6506 formalism of fluctuational electrodynamics, and derives
a trace formula for thermal Poynting flux. Section 3 provides
a detailed account of the algorithms that calculate the thermal
Poynting flux using the formula as derived in Section 2. Section 4
discusses the geometries supported inMESH. In Section 5we show
an example of the user scripting interface and the corresponding
results, and briefly discuss the convergence properties of MESH.
Section 6 summarizes the paper.

Fig. 1. Some exemplary geometries that can be simulated by MESH: (a) two
multilayer stacks separated by a vacuumgapwith each layermaintained at different
temperatures. (b) a 1D periodic grating structure that emits radiation to the above
free space. (c) two structures with each consisting of a two-dimensional periodic
array of cylinders.

2. Problem formulation and geometric definitions

2.1. Convention of Fourier transform and stationary random pro-
cesses

For periodic structures in general, it is convenient to reformu-
late theMaxwell’s equations in Fourier space. In electromagnetism,
all physical fields are real. For a real time (t) dependent function
f (t), its Fourier representation f (ω) in the frequency (ω) space is
defined by

f (t) = ℜ

∫
+∞

0
dω eiωt f (ω). (1)

The Fourier transform from k space kx (function f (kx)) to real space
x (function f (x)), is defined as

f (x) =
1
2π

∫
+∞

−∞

dkx e−ikxxf (kx). (2)

In thermal radiation calculation, wewill be considering station-
ary random processes. In these processes, the ensemble average
of any observable is independent of time. Consider the following
ensemble average of the correlation function of two observables
A(t) and B(t)

⟨A(t)B(t)⟩ = ⟨ℜ

∫
∞

0
dω A(ω)eiωt

· ℜ

∫
∞

0
dω′ B(ω′)eiω

′t
⟩. (3)

We define

Ã(ω) =

{
A(ω) ω ≥ 0
A∗(−ω) ω < 0, (4)

and similarly for B̃(ω). Eq. (4) becomes

⟨A(t)B(t)⟩ = ⟨
1
2

∫
∞

−∞

dω Ã(ω)eiωt
·
1
2

∫
∞

−∞

dω′ B̃(ω′)eiω
′t
⟩

=
1
4

∫
∞

−∞

dω
∫

∞

−∞

dω′
⟨Ã(ω)B̃∗(ω′)⟩ei(ω−ω′)t .

(5)

In order to make ⟨A(t)B(t)⟩ time-independent, we must have

⟨Ã(ω)B̃∗(ω′)⟩ ≡ ⟨ÃB̃∗
⟩ωδ(ω − ω′). (6)

One can see that ⟨ÃB̃∗
⟩−ω = ⟨ÃB̃∗

⟩
∗
ω . For the rest of the paper,

when there is no confusion, we suppress the subscript ω in ⟨ÃB̃∗
⟩ω ,

then

⟨A(t)B(t)⟩ =
1
4

∫
∞

−∞

dω⟨ÃB̃∗
⟩ =

1
2

∫
∞

0
dω ℜ⟨AB∗

⟩. (7)
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The convention of Fourier transformation in Eq. (1) naturally
leads to the eiωt convention for the steady state Maxwell’s equa-
tions:

∇ × H = iωϵϵ0E, ∇ × E = −iωµ0H. (8)

In MESH, we assume the materials are linear and nonmagnetic.
These assumptions cover most of the cases considered in the lit-
erature.

2.2. Geometry and the formalism of fluctuational electrodynamics

In MESH, we assume that the structure consists of multiple ma-
terial layers stacked in z-direction. Each layer is periodic in the x-y
plane. A few examples of such structures are shown in Fig. 1. The
material layers may in addition be surrounded by vacuum layers.
Each of the material layers is maintained at a given temperature.
And the temperature of different layers may be different.

MESH is developed to treat two scenarios: (1) Thermal radiation
(Fig. 1(b)). Here a structure is adjacent to a semi-infinite vacuum
region at least on one side. The objective of the calculation is to
compute the thermal radiation power to the far-field in the vac-
uum region. (2) Heat transfer (Fig. 1(a) and (c)). Here the structure
consists of at least two material layers separated by a vacuum gap.
These two layers are maintained at different temperatures. The
objective of the calculation is to compute the power that flows
from one layer to the other.

Both scenarios outlined above can be treated in the formalismof
fluctuational electrodynamics. In this formalism, the thermal elec-
tromagnetic fields are generated by fluctuating current sources,
with the magnitude of the current fluctuation given by [40] (note
that here we use the convention in Eq. (6) with the subscript ω

suppressed)

⟨Jα(r, z)J∗β (r
′, z ′)⟩ =

4ϵ0ω
π

ϵαβ − ϵ∗

βα

2i
Θ(ω, T )δ(r − r′)δ(z − z ′)

=
4ϵ0ω

π
γαβ Θ(ω, T )δ(r − r′)δ(z − z ′),

(9)

where r and r′ are the spatial vectors in the x-y plane, α and β

denote components in a Cartesian coordinate system, ϵαβ is the
element of the dielectric function which can be a tensor, γαβ is the
imaginary part of the dielectric tensor, δ(·) is the Dirac δ-function
andΘ(ω, T ) is the average photon energy in an optical mode at the
angular frequency ω and temperature T , expressed as

Θ(ω, T ) =
h̄ω

exp
(

h̄ω
kBT

)
− 1

. (10)

In Eq. (10), h̄ is the reduced Planck’s constant, and kB is the Boltz-
mann constant.

Eq. (9) can be written more compactly with a tensor notation.
We define a tensor

⟨JJ∗⟩α,r;β,r′ (z, z ′) = ⟨Jα(r, z)J∗β (r
′, z ′)⟩. (11)

Then Eq. (9) becomes

⟨JJ∗⟩(z, z ′) =
4ϵ0ω

π
Θ(ω, T )δ(z − z ′)Γ , (12)

where Γ in the indexed form is

Γα,r;β,r′ ≡ γαβδ(r − r′). (13)

Fig. 2. Geometry setup inMESHwith the layers stacked in the order from0 toN . The
lattice vectors are also highlighted in red, with l1 aligned with x axis and l2 always
in the upper x–y plane. The angle between l1 and l2 is θ . The lengths of l1 , l2 and
the value of θ are the input parameters to MESH. For each layer, di is the thickness,
and zi is the z-coordinate of the lower edge of the layer. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

For subsequent use, the product of two tensorsA andB are defined
as

(AB)α,r;β,r′ =

∑
µ

∫
d2r′′Aα,r;µ,r′′Bµ,r′′;β,r′ . (14)

In all our calculations, the in-plane spatial coordinates are re-
stricted to the single unit cell.

To compute either the transferred power or the radiated power,
onewill need to compute the ensemble-averagedPoynting vector S
along the z-direction. For this purpose, MESH sets up the geometry
illustrated in Fig. 2. The layers in MESH are stacked in order
from 0 to N , and each layer is indexed by i with thickness di,
extending from zi to zi + di. The 0th layer has z0 = 0, and the
topmost and bottommost layers (i.e. the 0th and the Nth layers)
are assumed to be semi-infinite. The definition of lattice vectors l1
and l2 are also illustrated as red arrows in Fig. 2. MESH evaluates
the Poynting vector at position z in the probe layer t , from the
emission of all the thermal sources in source layers, as is shown
in Fig. 3. To compute such Poynting vector, we denote a fluctuating
random current source at z ′ in one of the emitting layers s, and
develop the numerical algorithm that efficiently integrates over z ′

to provide the total contributions of all the sources in the emitting
layers.

2.3. Trace formula for the Poynting flux

Using the notation in Section 2.1, the z-component of the spec-
tral Poynting vector S at angular frequency ω can be expressed
as

Sz =
1
2
ℜ

[
ẑ · (E × H∗)

]
=

1
2
ℜ

[
πzαβEαH∗

β

]
, (15)

where ẑ is the unit vector in z direction, E and H are the total
electric and magnetic fields, the subscripts α and β denote the
corresponding component of the fields, and π is the Levi-Civita
symbol.We further define a tensorΠ , which in the indexed form is
Πr,α;r′,β = πzαβ , and ⟨EH∗

⟩r,α;r′,β = ⟨Er,αH∗

r′,β⟩, then the ensemble
averaged Sz averaged over one unit cell can be written as

⟨S̄⟩z =
1
2A

ℜ Tr
[
Π⊤

⟨EH∗
⟩
]
, (16)
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Fig. 3. Left side: illustration of the computational setup, where the emitting layer
is index s and a random current source is located at z ′ . t denotes the layer where
Poynting flux is measured, and s+ and s− layers, highlighted in solid black lines, are
the artificial layers at the topmost and bottommost edges of layer s. These artificial
layers are made of the same material as that of layer s but has thickness 0. The
Poynting flux is evaluated at position z0 relative to zt in the layer indexed t . Right
side: the amplitudes of fields in different layers.

where symbol ⊤ stands for the transpose of a tensor, A is the area
of the unit cell, and Tr[O] denotes the trace of tensor O, i.e.

Tr[O] =

∑
α

∫
d2rOα,r;α,r, (17)

where α is the polarization and r = (x, y) is the two-dimensional
coordinate vector.

To connect this formula to the current–current correlation func-
tion defined in Eq. (12), we define the Green function operators Ge
and Gh as

E = GeJ, H = GhJ. (18)

Then the trace in Eq. (16) can further be rewritten in a compact
form, i.e.

Tr
[
Π⊤

⟨EH∗
⟩
]

= Tr
[
Π⊤Ge⟨JJ∗⟩G†

h

]
. (19)

Thus, the averaged spectral Poynting flux density in one unit cell,
due to all the thermal sources in the source layer, can be written as

⟨S̄⟩z =
2ϵ0
πA

ω Θ(ω, T )
∫

dz ′
ℜ Tr

[
Π⊤GeΓ G†

h

]
. (20)

In MESH, the electromagnetic calculations will be used to evaluate
the transmission factor Φ(ω) in Eq. (20), defined as:

Φ(ω) =
2ϵ0
π

ω

∫
dz ′

ℜ Tr
[
Π⊤GeΓ G†

h

]
. (21)

Here z ′ is the z-coordinate of the source, and integration is carried
out over the source layer. Since all layers are uniform along the z-
axis, the dependence of the integrand on z ′ is only contained in the
Green functions. Such integration can be performed analytically
using the S-matrix formalism, and will be discussed in detail in
Section 3.

3. Evaluation of the transmission factor

In this section, we discuss the evaluation of Eq. (21). We
first provide a short review of relevant aspects of the Rigorous

Coupled Wave Analysis (RCWA) in Sections 3.1–3.3. In particu-
lar, in Section 3.1, we discuss the modal expansion in a single
layer. In Section 3.2 we discuss the scattering matrix formalism.
In Section 3.3 we discuss the boundary condition associated with
the source. Building upon these aspects of RCWA, in Section 3.4
we then give a detailed discussion in the evaluation of Eq. (21),
focusing in particular on the integration over the sources.

3.1. Electromagnetic fields in each layer

For the geometry treated in MESH, each layer is uniform along
the z-direction with a dielectric function distribution ϵ(x, y) in the
plane. To describe the field in each layer, we consider a dielectric
structure that has the same in-plane dielectric distribution ϵ(x, y),
but is infinite in the z direction, and solve for eigenmode field
distribution which has the form

φn(x, y, z) = φn(x, y)e−iqnz . (22)

Here qn is the nth eigenvalue with ℑ(qn) ≤ 0, and φn(x, y) denotes
the in-plane electric and magnetic field distribution of the corre-
sponding eigenmodes. Such a ‘‘forward propagating’’ eigenmode
therefore either propagates or decays along the +z direction. For
each of such amode, there is also a ‘‘backward propagating’’ eigen-
mode with an eigenvalue −qn, and eigenmode field φ̃n(x, y) can be
obtained from φn(x, y) by symmetry considerations, the in-plane
electromagnetic fields e∥ and h∥ in each layer can then be in general
written as:[
e∥(z)
h∥(z)

]
= M

[
F(z) O
O F(d − z)

][
a
b

]
. (23)

Here a and b are column vectors with the elements being the
modal amplitudes for forward and backward propagating modes
respectively. F is a diagonal matrix with Fnn = e−iqnz . O is
the zero matrix. Here we focus only on in-plane fields since the
Poynting flux as expressed in the trace formula of Eq. (20) only
involves in-plane fields. We further denote Fl ≡ Fl(dl) with dl
as the thickness of layer l. The matrix M =

[
Me

Mh

]
represents

the expansion coefficients of the in-plane electromagnetic fields
in terms of the modal basis. With an expansion in this form, we
have |Fnn(z)| ≤ 1 and |Fnn(d − z)| ≤ 1, which is important for
numerical stability. The details for computing the eigenmodes and
eigenvalues, and for performing such eigenmode expansion, can
be found in Refs. [29,41,42]. For our purpose here, knowing the
existence of such an expansion in Eq. (23) is sufficient.

3.2. Scattering matrix

With the eigenmode expansion of Eq. (22), the field in the lth
layer is described by the column vector of the modal amplitudes al
and bl. In the structures as shown in Fig. 2, the modal amplitudes
for the layers l and l′ are related by[
al
bl′

]
= S(l′, l)

[
al′
bl

]
=

[
S11 S12
S21 S22

][
al′
bl

]
. (24)

The details for computing such scattering matrices are standard in
various implementations of the RCWAmethod and can be found in
Ref. [29]. For our purpose here, the form of Eq. (24) is sufficient.

3.3. Boundary conditions at the current source

The Green function Ge and Gh in Eq. (18) describes the electro-
magnetic fields generated by an oscillating point dipole source
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placed at position (r′, z ′) inside the structure. To compute such
Green function, we consider more generally a two-dimensional
current distribution

J(r, z) = J(r)δ(z − z ′). (25)

For a general dielectric tensor ϵ, we denote the inverse of such
tensor as

η = ϵ−1
=

⎡⎣ηxx ηxy ηxz

ηyx ηyy ηyz

ηzx ηzy ηzz

⎤⎦ . (26)

In this case, following the derivation in Ref. [29], one can obtain a
boundary condition at the source z ′ in real space

(
e∥

h∥

)
z′+

−

(
e∥

h∥

)
z′−

=

⎛⎜⎜⎜⎜⎜⎜⎝

1
iωϵ0

∂

∂x

(
ηzxJx + ηzyJy + ηzz Jz

)
1

iωϵ0

∂

∂y

(
ηzxJx + ηzyJy + ηzz Jz

)
Jy

−Jx

⎞⎟⎟⎟⎟⎟⎟⎠ . (27)

For the ease of notation, we rewrite Eq. (27) as(
e∥

h∥

)
z′+

−

(
e∥

h∥

)
z′−

= PJ, (28)

with

P =

⎛⎜⎜⎜⎜⎜⎜⎝

1
iωϵ0

∂

∂x
ηzx

1
iωϵ0

∂

∂x
ηzy

1
iωϵ0

∂

∂x
ηzz

1
iωϵ0

∂

∂y
ηzx

1
iωϵ0

∂

∂y
ηzy

1
iωϵ0

∂

∂y
ηzz

0 1 0
−1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ , (29)

where here the partial derivatives operate on the product of η and
J.

3.4. Volume integration of the current sources

Based on the developments in Sections 3.1–3.3wenowevaluate
the transmission factor defined in Eq. (21). We first consider the
electromagnetic fields generated by a source at a location z ′ inside
the source layer s. The source layer separates the structure into two
disjoint stacks. Among the stack above or below the layer s, the
scattering properties between all the layers are already described
by the corresponding scattering matrices and are independent of
z ′. Inside the source layer s, the presence of a current source at
z ′ introduce a discontinuity in the in-plane electromagnetic fields
immediately above and below the sources. And moreover, these
fields can be related to the fields at the top and bottom boundary of
the source layers through the eigenmode expansion in the source
layer as described by Section 3.1. Through these relations we can
therefore compute the fields for a given source. For the ease of
notation, we add two artificial layers s+ and s− at top and bottom
surfaces of layer s, respectively. These layers are made of the same
material as layer s but have zero thickness. In Fig. 3, we schemat-
ically represent such artificial layers as thin lines. In addition, all
themodal amplitudes required for the following derivation are also
labeled in Fig. 3.

Using the S-matrix formalism developed in Section 3.2, we first
relate the field amplitudes in layer N and s+ in Fig. 3 through the
following equation

[
aN
bs+

]
= S(s+,N)

[
as+
O

]
(30)

where we impose the outgoing wave boundary condition in layer
N by setting bN = O. From Eq. (30), we obtain the relation between
the field amplitudes in layer s+ as

bs+ = S21(s+,N)as+ . (31)

Similarly, we connect the field amplitudes in layer s− with layer 0
as:[
as−
b0

]
= S(s−, 0)

[
O
bs−

]
, (32)

where again we impose the outgoing wave boundary condition in
layer 0 by setting a0 = O. From Eq. (32), we have

as− = S12(s−, 0)bs− . (33)

With the modal amplitudes at layers s+ and s−, boundary con-
ditions at the source z ′ using Eqs. (23) and (28) are

Ms

[
Fs(z ′

− ds)as+
Fs(ds − z ′)bs+

]
− Ms

[
Fs(z ′)as−
Fs(−z ′)bs−

]
= PJ. (34)

We denote M−1
s PJ =

[
U1
U2

]
, and rewrite Eq. (34) as two equations:

Fs(z ′
− ds)as+ − Fs(z ′)as− = U1

Fs(ds − z ′)bs+ − Fs(−z ′)bs− = U2

. (35)

Combining Eqs. (31), (33) and Eq. (35), we solve for as+ as

as+ =
(
I − FsS12(s−, 0)FsS21(s+,N)

)−1 [
Fs(ds − z ′)U1

−FsS12(s−, 0)Fs(z ′)U2
]

= K−1
1

[
Fs(ds − z ′)U1 + K2Fs(z ′)U2

]
,

(36)

with

K1 = I − FsS12(s−, 0)FsS21(s+,N), K2 = −FsS12(s−, 0). (37)

Here in Eq. (36) we see that the only z ′ dependent terms are the
matrices F , while the rest of the matrices are independent of z ′.

Having computed the modal amplitudes a+
s and b+

s , we then
solve the modal amplitudes in the probe layer t . Using the defi-
nition of the scattering matrix, we have[

at
bs+

]
= S(s+, t)

[
as+
bt

]
. (38)

And moreover, the modal amplitude at and bt can also be related
to the modal amplitudes in the Nth layer:[
aN
bt

]
= S(t,N)

[
at
O

]
, (39)

and therefore,

bt = S21(t,N)at . (40)

Using Eqs. (38) and (39), we then have:

at = D1as+ , bt = D2as+ , (41)
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with

D1 =
(
I − S12(s+, t) S21(t,N)

)−1
S11(s+, t),

D2 = S21(t,N)D1.
(42)

Thus, at position z = z0 + zt in the probe layer t , the electric
and magnetic fields are evaluated based on Eq. (23) using the
corresponding modal amplitudes[
e∥(z0 + zt )
h∥(z0 + zt )

]
= Mt

[
Ft (z0)at

Ft (dt − z0)bt

]
= Mt

[
Ft (z0)D1as+

Ft (dt − z0)D2as+

]

= Mt

[
Ft (z0)D1K−1

1

[
Fs(ds − z ′)U1 + K2Fs(z ′)U2

]
Ft (dt − z0)D2K−1

1

[
Fs(ds − z ′)U1 + K2Fs(z ′)U2

]]

= Mt

[
Ft (z0)D1

Ft (dt − z0)D2

]
K−1

1

[
I K2

]
×

[
Fs(ds − z ′) O

O Fs(z ′)

]
M−1

s PJ

= RLM−1
s PJ, (43)

where R =

[
Re
Rh

]
= Mt

[
Ft (z0)D1

Ft (dt − z0)D2

]
K−1

1

[
I K2

]
and L =[

Fs(ds − z′) O
O Fs(z′)

]
. Therefore we obtain the matrix representation

of the Green functions,

Ge = ReLM−1
s P, Gh = RhLM−1

s P. (44)

The integrand in Eq. (21) thus reads:

Π⊤GeΓ G†
h = Π⊤

(
ReLM−1

s P
)
Γ

(
P†

[M−1
s ]

†L†R†
h

)
, (45)

where all the z ′-dependent terms are contained in L. To integrate
Eq. (45) over z ′, we denoteQ =

[
Q11 Q12
Q21 Q22

]
= M−1

s PΓ P†
[M−1

s ]
†,

and focus on the integration for T = LQL†, which can be written
as

T =

[
T11 T12

T21 T22

]
=

[
Fs(ds − z ′)Q11F†

s (ds − z ′) Fs(ds − z ′)Q12F†
s (z

′)
Fs(z ′)Q21F†

s (ds − z ′) Fs(z ′)Q22F†
s (z

′)

]
. (46)

For T11, sinceFs(ds−z ′) andFs(z ′) are diagonal, its (m, n)th element
is

[T11]mn = e−iqm(ds−z′)[Q11]mne
iq∗
n(ds−z′), (47)

where qi (i = m, n) is the ith eigenvalue in layer s from RCWA.
Hence integrating over z ′ from 0 to ds gives∫ ds

0
dz ′[T11]mn = [Q11]mn

1 − e−i(qm−q∗
n)ds

i(qm − q∗
n)

. (48)

Similarly, for T12, T21 and T22, we have∫ ds

0
dz ′[T12]mn = [Q12]mn

eiq
∗
nds − e−iqmds

i(qm + q∗
n)∫ ds

0
dz ′[T21]mn = [Q21]mn

eiq
∗
nds − e−iqmds

i(qm + q∗
n)∫ ds

0
dz ′[T22]mn = [Q22]mn

1 − e−i(qm−q∗
n)ds

i(qm − q∗
n)

.

(49)

We further define matrix Y =

[
Y1 Y2
Y2 Y1

]
such that

Y1,(mn) =
1 − e−i(qm−q∗

n)ds

i(qm − q∗
n)

Y2,(mn) =
eiq

∗
nds − e−iqmds

i(qm + q∗
n)

.

(50)

Then the integration of Eq. (45) over z ′ results in∫ ds

0
Π⊤GeΓ G†

h dz
′
= Π⊤Re [Q ◦ Y]R†

h

= Π⊤Re
[
(M−1

s PΓ P†
[M−1

s ]
†) ◦ Y

]
R†

h, (51)

where ◦ is Hadamard product. We also note that the results in
Eqs. (50) and (51) can also be applied to the general cases where
the emitting layer or the probe layer is semi-infinite. MESH imple-
ments Eq. (51) to compute the heat transfer.

4. Supported patterns

InMESH, the supported 2D patterns are rectangle, circle, ellipse
and polygon. In addition, a layer can contain multiple patterns,
and these patterns can be nested but cannot have intersections. In
computing the Fourier transform of the dielectric function, the ϵ(r)
is expressed in the form of

ϵ(r) = ϵb +

∑
j

(
ϵj − ϵ⊃j

)
Ij(r), (52)

where ϵb is the background dielectric constant, the summation
is over all the patterns in the layer, ϵj is the dielectric constant
of shape j, and ϵ⊃j is the dielectric constant of the shape that
immediately contains j, and Ij is the indicator function for the
pattern j. Here in MESH, we focus on the case where the zth
component of the dielectric function can be decomposed from in-
plane components, i.e.

ϵ =

[
ϵxx ϵxy 0
ϵyx ϵyy 0
0 0 ϵzz

]
, (53)

and an efficient algorithm is implemented in order to find the
set ⊃ j for any pattern j. Since even complicated geometries can
be decomposed into or approximated by combinations of these
4 supported geometries, MESH is therefore capable to compute
almost any geometry pattern.

Eq. (51) is expressed in a form that is independent of basis. In
MESH, however, we evaluate Eq. (51) on a plane wave basis with
wave vectors {k + G}, where k is the Bloch wave vector in the
first Brillouin zone of the lattice, and the G’s are the reciprocal
lattice vectors. With these reciprocal lattice vectors, the Fourier
transforms of γαβ and ϵαβ can be evaluated in closed forms. We
also note that for more complicated geometries, usually one needs
to use more G’s in order to achieve convergence. In addition, for
better numerical conditioning, in the implementation we rescale
Eϵ0c → E and ω/c → ω.

In terms of the choice of reciprocal lattice vector G, MESH
implements both ‘‘circular truncation’’, which include all G vectors
in a circular region centered at G = 0 [41,43], and ‘‘parallelogramic
truncation’’, which include G vectors in a parallelogram around
G = 0 [41,43]. MESH only requires the user to input the upper
bound for the number of G and will automatically perform the G
vector selection.
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Fig. 4. The unit cell of the structure described by the sample script. Two semi-
infinite patterned doped silicon layers are separated by vacuum gap d. The unit cell
has width and length a, and the vacuum hole within the layer has width and length
p.

5. User scripting and programming interface

MESH is embedded within the Lua and Python scripting lan-
guages allowing users to easily construct structures and perform
the computation, similar to S4 [41]. Using Lua and Python as
thin wrappers provide not only high-level intuitive syntax for
users but also the convenience to use both objective-oriented
and functional programming paradigms for programmers. In ad-
dition, MESH also provides a Lua wrapper for MPI to facilitate
parallelization.

The user manual and a few examples illustrating the usage
of MESH are presented in detail at https://kfrancischen.github.
io/MESH/. Here we will describe a simple example with its Lua
script shown below, which can be used to reproduce the spectral
heat transfer coefficient for a structure in Fig. 2(b) in Ref. [37]. In
this example, the structure consists of two identical semi-infinite
patterned heavily-doped silicon layers (Fig. 4), separated by a d =

20 nm vacuum gap. Each layer consists of a square lattice of air
holes in silicon. The periodicities in x and y directions are a =

50 nm, and the filling ratio f = p2/a2 is 0.98, where p is the size
of the air holes. In Ref. [37], the spectral heat transfer coefficient
with f = 0.98 is obtained using scattering approach, while here
we use the approached implemented inMESH to produce the same
spectral heat transfer coefficient.

We now go through in detail the Lua script that is used for
such calculation. In the beginning set of the codes, we initi-
ate by calling the function Constants(), which provides com-
monly used physics constants. In order to compute the spec-
tral heat transfer coefficient, which is defined in Eq. (1) in [37],
one needs to evaluate the derivative of Θ(ω, T ) over T at a
given angular frequency ω. Therefore in the script, we define a
function named thetaDerivative to compute such derivative.
Then we setup the geometry by initiating a SimulationPat-
tern object to indicate that we are simulating a structure with
two-dimensional in-plane periodicity. In addition to Simula-
tionPattern, MESH also provides SimulationPlanar and
SimulationGrating for planar geometry and 1D grating geome-
try simulations, respectively. The reason to distinguish simulation
by the dimensionality of the periodicity is to restrict function
usage and to improve readability of the scripts. After initiating

Fig. 5. Spectral heat transfer coefficient (HTC) for the structure shown in Fig. 4, as
obtained from the sample script.

a SimulationPattern object, we set the lattice vectors of the
geometry as well as the number of reciprocal lattice vectors to
use.

In the next set of codes in the script, we add materials to the
structure. Optical constants for each material need to be put into
a text file, where in this case, two files are needed for silicon and
vacuum, respectively. For each file, the first column indicates the
angular frequency ω in the unit of rad/s, and the second and third
columns are the real and imaginary parts of the relative dielectric
constants. For example, here are the top five lines of the data file
Si.txt:

1.519268e+13 -1.185134e+02 8.008125e+02
1.887575e+13 -1.167153e+02 6.356555e+02
2.255882e+13 -1.145941e+02 5.230897e+02
2.624189e+13 -1.121841e+02 4.410925e+02
2.992497e+13 -1.095216e+02 3.784913e+02

MESH also supports a few different types of anisotropic dielectrics:
for the dielectric function in the form of a diagonal matrix, for each
line of this text file there are 6 columns for the real and imaginary
parts of ϵx, ϵy, ϵz ; for the dielectric tensor in the form of Eq. (53),
there are 10 columns for the real and imaginary parts of different
matrix elements.

The following set of codes in the script add the layers to the
system from bottom to the top, and then set the emitting layer
which is the source of the radiation, and also the probe layerwhere
the transmission factor in Eq. (21) is evaluated. In MESH, one can
set multiple source layers. We also restrict that the transmission
factor in Eq. (21) is positive, and under this convention, all source
layers have to be below the probe layer. Materials and layers
are referred by their names. All layers default to be unpatterned
uniform layers unless patterns are specified.

Finally, one sets the number of threads to be used in an OpenMP
parallelization and the integration discretization over kx and ky,
and then perform the integration. Since here the geometry is highly
symmetric, we can restrict the integration over k in the irreducible
first Brillouin zone by calling functions with suffix sym indicating
symmetry. The Φ(ω) in Eq. (21) can be retrieved after the integra-
tion over kx and ky.
In Fig. 5 we show the result obtained from the above script, with
in total 440 G vectors, we obtain a converged result that exactly

https://kfrancischen.github.io/MESH/
https://kfrancischen.github.io/MESH/
https://kfrancischen.github.io/MESH/
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-- The curve with f=0.98 in Fig.2 (b) in
-- "Enhancing Near-Field Radiative Heat Transfer with Si-based Metasurfaces",
-- Phys. Rev. Lett. 118, 203901, 2017

--------------------loading predefined constants--------------------
constants = Constants();

------------------defining the derivative of Theta------------------
function thetaDerivative(omega, T)
local theta = constants.h_bar * omega
/ (math.exp(constants.h_bar * omega/constants.k_B/T) - 1);

return math.pow(theta, 2) * math.exp(constants.h_bar * omega/constants.k_B/T)
/constants.k_B / math.pow(T, 2);

end

------------initializing a 2D pattern simulation object-------------
s = SimulationPattern.new();
s:SetLattice(50e-9, -- length of the lattice vector in x direction

50e-9, -- length of the other lattice vector
90) -- the angle between two lattice vectors, in degree

s:SetNumOfG(440) -- number of G vectors

--------------------------adding materials--------------------------
s:AddMaterial("Si", "Si.txt") -- name and the file containing its dielectric constants
s:AddMaterial("Vacuum", "Vacuum.txt")

----------------------------adding layers---------------------------
f = 0.98
width = math.sqrt(f * 50e-9 * 50e-9)
s:AddLayer("SiBottom", 0, "Si")
s:SetLayerPatternRectangle("SiBottom", --layer name

"Vacuum", -- material for the rectangle hole
{25e-9, 25e-9}, -- center of the rectangle
0, -- rotation angle of the rectangle, in degree
{width, width}) -- widths of the two sides

s:AddLayer("VacGap", 20e-9, "Vacuum")
s:AddLayerCopy("SiTop", "SiBottom")

----------------setting the source layer and probe layer----------------
s:SetSourceLayer("SiBottom")
s:SetProbeLayer("VacGap")

--------------------setting the integration parameter-------------------
s:SetThread(60) -- using 60 cores in openmp
s:SetKxIntegralSym(50) -- using 50 points in positive x direction in the first BZ
s:SetKyIntegralSym(50) -- using 50 points in positive y direction in the first BZ
s:InitSimulation()
s:IntegrateKxKy()

-----------------outputing heat transfer coefficient----------------
omega = s:GetOmega()
phi = s:GetPhi()
for i = 1,s:GetNumOfOmega() do

E = constants.h_bar * omega[i] / constants.q;
spectrum = thetaDerivative(omega[i], 300) * phi[i] * constants.q / constants.h_bar;
print(E.."\t"..spectrum/1e5);

end

matches the result in Ref. [37]. On the Comet cluster of the San
Diego Supercomputing Center (SDSC), by using 600 cores, each of
which consists of an Intel Xeon E5-2680v3 processor, the runtime
for the MPI version of the above script with in total 100 ω values
and 2500 (kx, ky) values for each ω is around 6 h.

5.1. Parallelization

Parallelizations with MPI (Message Passing Interface) and
OpenMP are fully supported in MESH. In the parallel implementa-
tions, the evaluation for different ω, kx, ky values are carried out in
parallel. The results are then summed to compute the transmission
factor. To runMESHon a distributedmemorymachine,we useMPI.
The Lua MPI wrapper within MESH provides same functionalities
as the native MPI with similar syntaxes. The rank and size of
the MPI world communicator as well as common functions are

all available to Lua scripts. An MPI example is available at https:
//kfrancischen.github.io/MESH/Examples/MPI/. To execute on a
shared memory machine, MESH provides OpenMP support − the
number of threads can be specified in function SetNumThread().

In principle, one can also utilize the Graphic Processing Unit
(GPU) for the parallelization in order to speed up matrix compu-
tation, we have not implemented it and will leave it as one of the
future work.

5.2. Convergence and computational cost

The accuracy of computing Φ(ω) depends on the number of
reciprocal lattice vectors G (denoted as N) used in the Fourier
transform. However, with an increase in N , the memory and time
for computing Φ(ω, kx, ky), which is the integrand of Φ(ω), will
significantly increase. For example with N = 1000, one S-matrix

https://kfrancischen.github.io/MESH/Examples/MPI/
https://kfrancischen.github.io/MESH/Examples/MPI/
https://kfrancischen.github.io/MESH/Examples/MPI/
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Fig. 6. Convergence test forΦ(ω, kx, ky) for geometry described in the sample script. The number ofG varies from100 to 1000 for three cases: (a) kx = ky = 0, (b) kx = ky =
ω
c

and (c) kx = ky = 10 ω
c where ω = 1.519268 × 1013 rad/s.

has size 4000 × 4000 and requires 256 MB for storage. Therefore,
in practice one would choose a reasonable value for N that can
guarantee convergence without wasting extra computational re-
sources. In MESH one can check the convergence of Φ(ω, kx, ky)
a particular set of (ω, kx, ky) as a function of N . The computation
cost of MESH also scales almost linearly with the number of layers,
since for each extra layer oneneeds to evaluate onemore scattering
matrix using the formalism in Eq. (24).

Here we test the convergence of Φ(ω, kx, ky) for the geom-
etry shown in Fig. 4 with ω = 1.519268 × 1013 rad/s. At
this angular frequency, the relative dielectric constant of silicon
is ϵSi = −118.5134 + 800.8125i. The results for (kx, ky) =

(0, 0), (ω/c, ω/c), (10ω/c, 10ω/c) are shown in Fig. 6. For the
three cases considered here, as N changes from 100 to 1000,
the changes of the corresponding Φ(ω, kx, ky) values are within
1%, which indicates a good convergence, even though the inverse
Fourier factorization rule for ϵ(r) [43] has not been adopted.

The convergence of RCWA methods when applying to metallic
materials has been discussed in the literature [43–45]. Due to the
negativity of dielectric constant of the metal and high contrast
between the dielectric function at the interface, the Gibbs phe-
nomenon introduces ringing in the real space reconstruction of the
dielectric function, resulting in possibly fictitious interfaces where
the dielectric function crosses zero. The implementation of MESH
follows the standard procedure of RCWA [29], and hence the speed
of convergence and numerical stability depend on the detailed im-
plementation of RCWA. In particular, since RCWA is known to have
difficulty for low-lossmetals, one should useMESHwith caution as
well when dealing with low-loss metals. In the example shown in
the previous section, even though heavily-doped Si has negative
dielectric constants within a certain range of frequencies, MESH
can achieve convergence as has been discussed in Section 5.2. In
general, however, especially for systems with negative dielectric
constants, when using MESH, it is always recommended that the
convergence of Φ(ω, kx, ky) is checked to decide the optimal N
value.

6. Concluding remarks

To summarize, in this paper, we have introducedMESH, a flexi-
ble open source software for heat flux calculation combiningRCWA
and fluctuational electromagnetics. Different from the scattering
approach that has been widely used in previous literatures, MESH
calculates far-field and near-field heat transfer by directly com-
puting the Green functions for the electromagnetic fields resulting
from randomcurrent sources,which is particularly suitable to treat
the scenario of many-body heat transfer. In addition, in MESH
we also implemented an efficient algorithm for spatial integration
of such random current sources. For large-scale computation of
complicated geometries, MESH provides a flexible interface for
both OpenMP and MPI parallelization, thus can be easily executed

on personal computers as well as computer clusters. For users and
programmers, MESH provides a simple scripting interface. MESH
can be a useful tool for both theoretical analysis and experimental
design of nano-scale devices for the control of far-field thermal
radiation and near-field heat transfer.

We have validated the convergence and the correctness of
MESHby reproducing existing published results. In addition,MESH
is bundled with a few other examples with different structure
dimensions and material combinations, and it has already been
used in a few works covering different applications of thermal
radiation, including thermophotovoltaic system optimization for
waste heat recovery [46], and near-field electroluminescent refrig-
eration device design [47].
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